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The standard model is a chiral gauge theory where the gauge fields couple to the right-hand and 
the left-hand fermions differently. The standard model is defined perturbatively and describes all 
elementary particles (except gravitons) very well. However, for a long time, we do not know if we 
can have a non-perturbative definition of standard model as a Hamiltonian quantum mechanical 
theory. In this paper, we propose a way to give a modified standard model (with 48 two-component 
Weyl fermions) a non-perturbative definition by embedding the modified standard model into a 
5*0(10) chiral gauge theory and then putting the SO(10) chiral gauge theory on a 3D spatial 
lattice with a continuous time. Such a non-perturbatively defined standard model is a Hamiltonian 
quantum theory with a finite-dimensional Hilbert space for a finite space volume. Using the defining 
connection between gauge anomalies and the symmetry-protected topological orders, we show that 
any chiral gauge theory can be non-perturbatively defined by putting it on a lattice in the same 
dimension, as long as the chiral gauge theory is free of all anomalies. 
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I. INTRODUCTION 

The 17(1) x SU{2) x SU('S) standard model 1 " 6 is the 
theory which is believed to describe all elementary parti- 
cles (except gravitons) in nature. However, the standard 
model was defined only perturbatively initially, via the 
perturbative expansion of the gauge coupling constant. 
Even though the perturbative expansion is known to di- 
verge, if we only keep the first a few orders of the pertur- 
bative expansion, the standard model produces results 
that compare very well with experiments. 

So the "perturbatively defined standard model" (keep- 
ing only first a few orders of the perturbation) is a theory 
of nature. However, the "perturbatively denned standard 
model" is certainly not a "Hamiltonian quantum theory" 
(by keeping only a few orders of the perturbation, the 
probability may not even be conserved). "Hamiltonian 
quantum theory" is a quantum theory with 

(1) a finite dimensional Hilbert space for all the states, 

(2) a local Hamiltonian operator for the time evolution, 

(3) operators to describe the physical quantities. 

So far, we do not know if there is a non-perturbatively 
defined standard model which is a Hamiltonian quantum 
theory. In this paper, we like to address this issue. We 
will propose a non-perturbative definition of the standard 
model that defines the standard model as a Hamiltonian 
quantum theory. 

There are many previous researches that try to give 
the standard model, or more generally, chiral gauge 
theories, a non-perturbative definition. There are lat- 
tice gauge theory approaches, 7 which fail since they 
cannot reproduce chiral couplings between the gauge 
field and the fermions. There are domain- wall fcrmion 
approaches. 8,9 But the gauge fields in the domain-wall 
fermion approaches propagate in one-higher dimension: 
4+1D. There are also overlap-fcrmion approaches. 10-13 
However, the path-integral in overlap-fermion approaches 



may not describe a Hamiltonian quantum theory (for ex- 
ample, the total Hilbert space in the overlap-fermion ap- 
proaches, if exist, may not have a finite dimension, even 
for a space-lattice of a finite size). 

In this paper, we like to give a non-perturbative defini- 
tion of a modified standard model which contains total of 
48 two-component Weyl fermions. Compare to the stan- 
dard model, the modified standard model contains three 
extra neutrinos, one for each family. We will call the 
modified standard model as the e-standard model since 
the number of two-component Weyl fermions is even. 
The e-standard model appear as the low energy effec- 
tive theory of the 50(10) grand unification theory, 14 but 
not the SU(5) grand unification theory. 15 The original 
standard-model will be referred as o-standard model. 

Our approach has a similar starting point as the 
mirror fermion approach used in Ref. 16-18. To give 
the e-standard model a non-perturbative definition, we 
start with a lattice gauge theory that produce the e- 
standard model and its "mirror" - a "chiral conjugated" 
e-standard model. By embedding the e-standard model 
into the 50(10) grand unification model, 14 we are able 
to show that that the "mirror" sector (i.e. the chiral con- 
jugated sector) can be fully gapped if we add a proper 
strong interaction between the fermions. This allows us 
to show, for the first time, that the e-standard model can 
appear as a low energy effective theory of a lattice gauge 
model in 3D space with a continuous time, where the 
dimension of the total Hilbert space is finite for lattices 
with a finite size. In other words, the e-standard model 
can appear as a low energy effective theory of a Hamilto- 
nian quantum theory. In fact, using the defining connec- 
tion between gauge anomalies and symmetry-protected 
topological (SPT) orders in one-higher dimension, we are 
able to put all anomaly-free chiral gauge theories on lat- 
tice, by allowing fermions to interact directly. 19 

In this paper, we will first give brief review of the con- 
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nection between gauge anomalies and SPT orders. Next 
we will give a non-perturbative definition of the weak- 
coupling chiral gauge theories that are free of all anoma- 
lies; i.e. we will show that the weak-coupling chiral gauge 
theories can appear as the low energy effective theory of a 
Hamiltonian quantum theory. In particular, we will show 
that the e-standard model (with 48 two-component Weyl 
fermions) and its corresponding 50(10) chiral gauge the- 
ory can be defined as a 3D lattice 50(10) gauge model 
with a continuous time (i.e. the low energy effective the- 
ory of the lattice 50(10) gauge model is the e-standard 
model). 



II. GAUGE ANOMALIES AND SPT ORDERS 
IN ONE-HIGHER DIMENSION 

To understand gauge anomalies in weak-coupling 
gauge theories, we can take the zero coupling limit. In 
this limit, the gauge theory become a theory with a global 
symmetry described by group G. Through such a limit, 
we find that we can gain a systematic understanding of 
gauge anomalies through SPT states. 19 

What are SPT states? SPT states are short-range 
entangled states with an on-site symmetry described 
by a symmetry group G. 20 ' 21 It was shown that one 
can use distinct elements in group cohomology class 
H d+1 (G, R/Z) to construct distinct SPT states in (d+1)- 
dimensional space-time. 22-24 

The SPT states have very special low energy bound- 
ary effective theories, where the symmetry G in the bulk 
is realized as a non-on-site symmetry on the boundary. 
(We will also refer non-on-site symmetry as anomalous 
symmetry.) It turns out that the non-on-site symme- 
try (or the anomalous symmetry) on the boundary is not 
"gaugable" . If we try to gauge the non-on-site symmetry, 
we will get an anomalous gauge theory, as demonstrated 
in Ref. 23, 25-28 for G = U(1),SU(2). This relation 
between SPT states and gauge anomalies on the bound- 
ary of the SPT states allows us to obtain a systematic 
understanding of gauge anomalies via the SPT states in 
one-higher dimension. In particular, one can use differ- 
ent elements in group cohomology class H d+1 (G,R/Z) 
to construct different bosonic gauge anomalies for gauge 
group G in (i-dimensional space-time. This result ap- 
plies for both continuous and discrete gauge groups. The 
free part oi H d+1 (G, R/Z), Free{% d+1 (G, R/Z)], classi- 
fies the well known Adler-Bell-Jackiw anomalies 29,30 for 
both bosonic and fermionic systems. The torsion part of 
T-L d+1 (G, R/Z) correspond to new types of gauge anoma- 
lies beyond the Adler-Bell-Jackiw anomalies (which will 
be called nonABJ gauge anomalies). 31 

Note that the symmetry of the bulk SPT state in the 
d + 1 dimensional space-time is on-site and gaugable. If 
we gauge the symmetry, we obtain a non-perturbative 
definition of an anomalous gauge theory in d dimensional 
space-time. The d dimensional anomalous gauge theory 
is defined as the boundary theory of the d+1 dimensional 
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FIG. 1: (a) A SPT state described by a cocycle 
v £ H d+1 (G, R/Z) in (d+ l)-dimensional space-time. After 
"gauging" the on-site symmetry G, we get a bosonic chiral 
gauge theory on one boundary and the "mirror" of the 
bosonic chiral gauge theory on the other boundary, (b) A 
stacking of a few SPT states in (d + l)-dimensional 
space-time described by cocycles Vi. If ^\ Vi = 0, then after 
"gauging" the on-site symmetry G, we get a anomaly-free 
chiral gauge theory on one boundary. We also get the 
"mirror" of the anomaly-free chiral gauge theory on the 
other boundary, which can be gapped without breaking the 
"gauge symmetry" . 



(gauged) SPT state. We see that an anomalous gauge 
theory is not well defined in the same dimension, but 
it can be defined as the boundary theory of a (gauged) 
SPT state in one-higher dimension. In the next section, 
we all show that an anomaly-free chiral gauge theory can 
always be well defined as a lattice gauge theory in the 
same dimension. 



III. A NON-PERTURBATIVE DEFINITION OF 
ANOMALY-FREE CHIRAL GAUGE THEORIES 

Motivated by the connection between the chiral gauge 
theories in d-dimensional space-time and the SPT states 
in (d+ l)-dimcnsional space-time, Ref. 19 shows that one 
can give a non-perturbative definition of any anomaly- 
free chiral gauge theories. Here we will review such a 
construction. 

Let us start with a SPT state in (d + l)-dimensional 
space-time with a on-site symmetry G (see Fig. la). We 
assume that the SPT state is described by a cocycle v £ 
H d+1 (G, R/Z). On the e?-dimensional boundary, the low 
energy effective theory will have a non-on-site symmetry 
(i.e. an anomalous symmetry) G. Here we will assume 
that the d-dimcnsional boundary excitations are gapless. 
After "gauging" the on-site symmetry G in the (d + 1)- 
dimensional bulk, we get a chiral gauge theory on the 
d-dimensional boundary whose anomaly is described by 
the cocycle v. 

Then let us consider a stacking of a few bosonic SPT 
states in (d+ l)-dimensional space-time described by co- 
cycles vi £ H d+1 (G, R/Z) where the interaction between 
the SPT states are weak (see Fig. lb). We also assume 
that J2i v i = 0- I n this case, if we turn on a proper G- 
symmetric interaction on one boundary, we can fully gap 
the boundary excitations in such a way that the ground 
state is not degenerate. (Such a gapping process also do 
not break the G symmetry.) Thus the gapping process 
does not leave behind any low energy degrees of freedom 
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on the gapped boundary. Now we "gauge" the on-site 
symmetry G in the (d + l)-dimensional bulk. The result- 
ing system is a non-perturbative definition of anomaly- 
free chiral gauge theory described by V{ with v% = 0. 
Since the thickness I of the (d + 1) -dimensional bulk is 
finite (although I can be large so that the two bound- 
aries are nearly decoupled), the system actually has a 
d-dimensional space-time. In particular, due to the finite 
i, the gapless gauge bosons of the gauge group G only 
live on the cZ-dimensional boundary. 

The same approach also works for fermionic systems. 
We can start with a few fermionic SPT states in (d+ 1)- 
dimensional space-time described by super-cocycles v^ 2 
that satisfy ^ V{ — (i.e. the combined fermion sys- 
tem is free of all the gauge anomalies). If we turn on 
a proper G-symmetric interaction on one boundary, we 
can fully gap the boundary excitations in such a way 
that the ground state is not degenerate and does break 
the symmetry G. In this case, if we gauge the bulk on- 
site symmetry, we will get a non-perturbative definition 
of anomaly-free fermionic chiral gauge theory. 

IV. A NON-PERTURBATIVE DEFINITION OF 
AN SO(W) CHIRAL GAUGE THEORY 

To define an 5*0(10) chiral gauge theory 14 in 4- 
dimensional space-time, we start with a free fermion hop- 
ping model on a 4-dimensional space lattice (with a con- 
tinuous time) . We design the free fermion hopping model 
such that there is a fermion band gap in the bulk and 
there is a single two-component gapless Weyl fermion 
mode on the boundary. In the continuum limit, the gap- 
less Weyl fermion on the boundary is described by the 
following Hamiltonian 

H = -ifiH^diip (1) 

where ip is a two-component fermion operator, and a 1 , 
I = 1, 2, 3 are the Pauli matrices. We will call ip the right- 
hand Weyl fermions. There also exist left-hand Weyl 
fermions which is described by 

H = -fti(a i )*d i i>- (2) 

Next, we take 16 copies of the above theory, which will 
lead to 16 gapless Weyl fermions on the boundary 

H = -^io^a, a = l,..-,16. (3) 

Such 16 fermions will form the 16-dimensional spinor rep- 
resentation of SO(10). We note that, by construction, 
the free fermion hopping model on the 4-dimensional 
space lattice has the 5*0(10) symmetry, which is an on- 
site symmetry. 

Now, we assume that the 4-dimensional space lattice 
form a slab of thickness /. The massless Weyl fermions 
on one boundary is described by (1), while the mass- 
less Weyl fermions on the other boundary is described 



by (2). Then, we add an 50(10) symmetric interaction 
between the left-hand Weyl fermions described by (2) 
on one boundary. If the interaction can fully gap the 
left-hand Weyl fermions (i.e. give all the left-hand Weyl 
fermions a finite mass) without breaking the 50(10) sym- 
metry, then, the only low energy excitations are the mass- 
less right-hand Weyl fermions that form the spinor rep- 
resentation of 50(10). Since I is finite, we can view 
the 4-dimensional slab as a 3-dimensional lattice. Thus, 
we obtain a lattice model of interacting fermions in 3- 
dimensional space, such that the low energy excitations 
of the model are the right-hand Weyl fermions forming 
the spinor representation of 50(10). The lattice model 
also has the 50(10) on-site symmetry. After gauging the 
50(10) on-site symmetry, we obtain a non-perturbative 
definition of 50(10) chiral gauge theory in terms of a 
lattice gauge theory in 3-dimensional space. 

The key step in the above construction is to add a 
proper interaction between the left-hand Weyl fermions 
to gap out all the left-hand Weyl fermions without break- 
ing the 50(10) symmetry. One way to obtain such 
an interaction is to introduce real scaler fields <p a , a = 
1, • • • ,10, in the 10-dimensional representation of 50(10) 
and construct the following interacting theory 

H = -^ a i(a l )*d^ a + H(r) + ^ T C la ^ + h.c. (4) 

Here H(<fi a ) is the Hamiltonian for the scaler fields 4> a , 
and the matrix C and j a are given in the appendix A. 
C r y a 4' a can be viewed as a hermitian matrix with eight 
eigenvalues equal to ^(j) a (f) a and eight eigenvalues equal to 
— y/ <f) a <t> a . Therefore, the term ip T 'Cja4' a '4> + h.c. generate 
a mass M = y / <j) a tf> a for all the 16 Weyl fermions if the 
4> a field is a non-zero constant. The non-zero constant 
4> a field break the 50(10) symmetry. The fact that the 
16 Weyl fermions can be fully gapped implies that they 
are free of gravitational anomalies. 

The Hamiltonian H(<fi a ) for the real scaler field is cho- 
sen to make <f> a (f) a = M 2 ^ without breaking the 
50(10) symmetry (<p a ) = 0. So the orientation of the 
cf> a field can fluctuate freely within a sphere Sg in 10- 
dimensional space. We also assume that the correlation 
length £ of the cj> a field is much larger than the lattice con- 
stant. In this case, we expect the term ifj T C n f a <fi a i(j + h.c. 
generate a mass M ~ -y/0 a a for all the 16 Weyl fermions 
even when the 4> a field is fluctuating and (4> a ) = 0. 

However, the above argument may not be valid if the 
fluctuating <j) a field in 4-dimensional space-time contains 
defects where <fi a = 0. Those defects with <fi a = can give 
rise to massless (or gapless) fermionic excitations. Point- 
defect in space-time with <f> a — (such as instantons) can 
exist if 7T3(5g) 7^ 0, line-defect in space-time with <f> a = 
(such as "hedgehog" solitons) can exist if 7T2(5g) ^ 
0, membrane-defect in space-time with <p a = (such as 
vortex lines) can exist if 7Ti(5g) ^ 0, 3D-brane-defect in 
space-time with tp a — (such as domain walls) can exist 
if 7r (5 9 ) ^ 0. However, 7r d (5 9 ) = for < d < 9. 
So there are no defects with <fi a — 0. This makes us 
to believe that the term tp 7 'C^ a 'P a 4 ! + h.c. does generate 
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a mass M ~ y/(f> a cf) a for all the 16 Weyl fermions even 
when (cf> a ) = and the SO(10) symmetry is not broken. 
The fact that the 16 Weyl fermions can be fully gapped 
without breaking the 50(10) symmetry implies that they 
are free of 50(10) gauge anomalies. 14 



V. SUMMARY 



generate a 32-dimensional representation of 50(10): 
e i0 ab r ab ^ _ _$ ba The above 32-dimensional repre- 
sentation is reducible. To obtain irreducible representa- 
tion, we introduce 
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FIVE / \5„, 

= {-) 7i 



7io = o 



5 a -3 's 



(7 FIVE )2 = ^ Tr7 f 



= 0. 



(A4) 



In this paper, we proposed an explicit lattice gauge 
model to non-perturbatively define a 3+1D 5O(10) chi- 
ral gauge theory with two-component massless Weyl 
fermions in the 16-dimensional spinor representation of 
50(10). The close connection between gauge anoma- 
lies and the SPT orders allows us to show that any chi- 
ral gauge theory can be non-perturbativcly defined by 
putting it on a lattice of the same dimension, as long 
as the chiral gauge theory is free of all anomalies. Such 
construction is achieved by adding a proper strong inter- 
action among the fermions. As a key result, we propose 
a general way to add/design such an interaction. 

The 3+1D 50(10) chiral gauge theory on lattice can be 
combined with proper Higgs fields to break the 50(10) 
gauge "symmetry" to U(l) x SU{2) x SU(3) gauge "sym- 
metry" , which leads to the e-standard model and its non- 
perturbative definition on lattice. Such a procedure was 
well studied under the 50(10) grand unified theory. 14 
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Appendix A: 50(10) spinor representations 

To understand the 50(10) spinor representations, 33 let 
us introduce 7-matrices j a , a = 1, • • • , 10: 

72/c-i = er° ® • • • ® ct° (Ext 1 <g> a 3 <g> ■ ■ ■ ® a 3 



fc-1 cr°': 



5-As cr 3 '; 



72fe = er° ® • • • <g) cr° ®er 2 ® a 3 ® • • • <X> a 3 



k-l cr ': 

k = !,••• ,5, 



5 — k <t 3 's 



which satisfy 



{7a, 7b} = 2<5 a6 , 7a=7a- 



(Al) 



(A2) 



Here a is the 2-by-2 identity matrix and a 1 , I — 1,2,3 
arc the Pauli matrices. The 45 hermitian matrices 



Tab = -j[la,lb\ = 17a 7b: a < b, (A3) 



We see that {7 FIVE ,7a} = [7 FIVE ,Pab] = 0. This allows 
us to obtain two 16-dimensional irreducible representa- 
tions 



A8 a °Tl 



l + f lv % 1+7 

"I ab 



FIVE 



ab 2 ~ uu 2 

_ „FIVE 1 _ „,FIVL 

ab 



e ir r - : P- = ^ r afc ^ . (A5) 



The two 16-dimensional irreducible representations are 
related. Let us introduce 



C = a 2 ® a 1 ® a 2 ® a 1 ® cr 2 , 



which satisfies 



C L ^*abC = -Pab, C 7*C = -7 a , 



C- 1 7 FIVE C 



"7 



FIVE 



(A6) 



(A7) 



If '0+ is the 16-dimensional irreducible representation 
r+ b , then ip_ = Cij}* + is the other 16-dimensional irre- 
ducible representation T~ b . 

Using the above results, we can show that tp 1 ^_C r )a'4 ) + 
form a 10-dimcnsional representation of 50(10), since 



[r a b,7c] = -2i(<5 ac 7 b - (5 bc 7 Q ). 
The above leads to 



(A8) 



■0 + O7aV>+ = t/jl 



>1 +7 



FIVE 



-o 7a 



1+7 



FIVE 



2 '"2 

ml _i_ ~FIVE 1 , ^FIVE 



1 + 7 FIVE 
+ 2 



CC~ L e 



l„i«°T! 



07 a e 



ie ao r 



1 + 7 



FIVE 



-v+ 



1 , ~FIVE 1 , ^FIVE 

G b a {0ab)^ T 



.1 + 7 



FIVE 



-0 7; 



1+7 



FIVE 



= G a (MV>+0 7 ^ + , (A9) 

where the 10-by-10 matrix G(8 ab ) G 50(10). Here, we 
may view Cj b and T ab as 16-by-16 matrices acting within 

1 1 FIVE 

the 16-dimensional space with — ^ = 1. Note that 



2 

FIVE 



as 



07b and T ab commute with . When viewed 

such a 16-by-16 matrix, O710 is a real symmetric matrix 
with eight eigenvalues equal to 1 and eight eigenvalues 
equal to —1. 
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